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Abstract We consider the following implicit quasi-variational inequality problem:
given two topological vector spaces E and F, two nonempty sets X € Eand C C F,
two multifunctions I': X — 2% and ®: X — 2€, and a single-valued map v :
X x Cx X — R, find a pair (x,Z) € X x C such that ¥ € T'(X), Z € ®(x) and
¥(X,Z,y) < 0forall y € I'(X). We prove an existence theorem in the setting of Banach
spaces where no continuity or monotonicity assumption is required on the multifunc-
tion ®. Our result extends to non-compact and infinite-dimensional setting a previous
results of the authors (Theorem 3.2 of Cubbiotti and Yao [15] Math. Methods Oper.
Res. 46, 213-228 (1997)). It also extends to the above problem a recent existence
result established for the explicit case (C = E* and ¥ (x, z,y) = (z,x — y)).

Keywords Implicit generalized quasi-variational inequalities - Multifunctions -
Lower semicontinuity - Upper semicontinuity - Banach space

1 Introduction

The importance of the variational inequality theory is well documented in the litera-
ture, due to its wide range of applications to fields of mathematics such as mechanics,
network equilibrium, control theory, game theory, complementarity problems, opti-
mization, etc. (see for instance [2-5, 19, 22-26, 30, 31, 33, 38, 39]).

Let E and F be two topological vector spaces, X € E and C € F two nonempty
sets, I X — 2% and &: X — 2€ two multifunctions, and y: X x Cx X — R asingle-
valued map. The implicit generalized quasi-variational inequality problem associated

P. Cubiotti
Department of Mathematics, University of Messina, Contrada Papardo, Salita Sperone 31, 98166
Messina, Italy

J.-c. Yao (X))

Department of Applied Mathematics, National Sun Yat-sen University, Kaohsiung 80424, Taiwan
R.O.C.

e-mail: yaojc@mail.math.nsysu.edu.tw

@ Springer



264 J Glob Optim (2007) 37:263-274

with X, C, T, ® and ¢ (see [15, 27]) is to find a pair (x,Z) € X x C such that
xel®), zed® and vY(x,z,y) <0 forall ye (). (1)

When C = F = E* and ¢ (x, z,y¥) = (z,x — y) (E* denoting the topological dual of E),
problem (1) gives back the usual generalized quasi-variational inequality problem [6,
35], which, in turn, extends the classical variational inequality problem [26].

It is interesting to observe that problem (1) contains as a special case the extended
generalized quasi-variational inequality problem introduced and studied by one of
the authors in [39], motivated by several applications to game and economic theory.
It also contains the variational-like inequality problem studied in [32, 33, 38].

As regards existence results for generalized quasi-variational inequality problems
(both in explicit and implicit form), a very common assumption in the literature is
the upper semicontinuity of the multifunction ®. When & is single-valued, such an
assumption reduces to the ordinary notion of continuity. Recently, much attention has
been paid by many authors to the case where the multifunction ® has no continuity
properties (see for instance [7, 8, 10, 11, 13, 14, 16, 17, 29, 34, 37, 40-42]), obtaining
new existence results and also applications to fixed point theory, control theory and
to the traffic equilibrium problem [9, 12, 18, 20].

In the paper [15], problem (1) has been studied in the case where E and F are finite-
dimensional, obtaining some existence results without continuity assumptions on the
multifunction ® and also applications to generalized quasi-variational inequalities
with discontinuous fuzzy mappings.

Our aim in this paper is to extend the main result of Cubiotti and Yao [15] (Theorem
3.2) to noncompact and infinite-dimensional setting. We prove an existence theorem
in the setting of Banach spaces where no continuity assumption is required on the
multifunction ® (Theorem 3.3 below). It should be mentioned that a first attempt in
the same direction has been made recently in the paper [27]. Even though our result
in this paper improves some aspects of the main result of Huang and Yao [27], it can
be checked that the two results are independent.

Finally, we remark that our result covers as a special case (and also improves in
some aspects) a recent existence result established for the explicit case (Theorem 3.1.
of Cubiotti [14]).

2 Preliminaries

For the basic facts about multifunctions, we refer to Klein and Thompson [28].
Here, we only recall that given two topological spaces S and Y and a multifunction
F: § — 2Y, we say that F is lower semicontinuous (resp., upper semicontinuous)
at x € S if for each open set A C Y, with F(x) N A # ¢ (resp., with F(x) C A),
the set F~(A) '={s € S: F(s) N A # (} (resp.,the set {s € S : F(s) C A})is a
neighborhood of x in S. We say that F is lower (resp., upper) semicontinuous in S if it
is lower (resp., upper) semicontinuous at each point x € S. The graph of F is the set
{(s,y) e Sx Y :yeF(s)}

Let (E, | - ||[g) be a real normed space. If x € E and r > 0, we denote by B(x,r) and
B(x,r), respectively, the open ball and the closed ball in E centered at x with radius .
For simplicity, we shall put

B, := B(0,r), B, :=B(0,r).
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We say that a multifunction F: S — 2F is Hausdorff lower semicontinuous (resp.,
Hausdorff upper semicontinuous) at xp € S if for each € > 0 there exists a neighbor-
hood U of x( in S such that

F(xo) CF(x)+ B forall xeU,
(resp., F(x) C F(xo) +B. forall xeU).

We say that F is Hausdorff lower (resp., Hausdorff upper) semicontinuousin S if it is
Hausdorff lower (resp., Hausdorff upper) semicontinuous at each point x € S. We say
that F is Hausdorff continuous if it is Hausdorff lower and upper semicontinuous. It
is easy to check [28, 36] that Hausdorff lower semicontinuity implies lower semiconti-
nuity, and, conversely, upper semicontinuity implies Hausdorff upper semicontinuity.
The converse implications are true if each set F(x) is nonempty and compact [28,
Theorem 7.1.14].

If A € Eis anonempty set and x € E, we put

d(x,A) == inf [lx —uE.

Moreover, we shall denote by aff(A) the affine hull of the set A. If A € C C E,
we shall denote by intc(A) the interior of A in C. We recall that if A C E is a non-
empty finite-dimensional convex set, then intyfr4)(A)#Y. Finally, we recall that the
set A C E is said to be compactly closed (resp., finitely closed) if its intersection with
any compact subset (resp., any finite-dimensional subspace) of E is closed.

3 Results

Before stating our main existence theorem, we give some preliminary results. First,
we note that Theorem 3.2 of Cubiotti and Yao [15] still holds if the set C € IR is
replaced by any nonempty subset of an Hausdorff topological vector space F. Starting
from this, we can obtain the following noncompact version of the same result (where
the open and closed balls are taken obviously in the space IR” and || - || denotes the
Euclidean norm of R").

Theorem 3.1 Let X C IR" be a nonempty closed convex set, C a nonempty subset of the
Hausdorfftopological vector space F, T: X — 2X and ®: X — 2 two multifunctions,
Y: X x C x X — R asingle-valued map. Assume that as follows:

(1) T is lower semicontinuous with nonempty convex values;

2) theset E:={x e X :x e T'(x)}isclosed;

(3) aff(I'(x)) = aff(X) forall x € E;

4) ®(x) is nonempty and compact for x € X and convex for x € E;

(5) foreachy € X, theset{x € E :inf;caw) ¥(x,2,y) < 0} is closed;

(6) foreachx € E, theset {y € X :inf con) ¥ (x,2,y) < 0} is closed;

(7) foreach x € E and each z € ®(x), one has ¥ (x,z,x) = 0;

(8) foreachx € E and each z € ®(x), the function ¥ (x, z,-) is concave on " (x);

(9) foreachx € Eand eachy € T (x), the function ¥ (x,-,y) is lower semicontinuous
(in the sense of single-valued maps) and convex on ®(x).

Moreover, assume that there exists r > 0 such that the following conditions
hold:
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(10) XNB, #@and T (x)N B, # 0 forallx € X N B,;
(11) for each x € E, with ||x|| = r, and each z € ®(x), there exists y € I'(x), with
Iyl < r, such that ¥ (x,z,y) > 0.

Then there exists (x,Z) € X x C, withx € T'(%), Z € ®(X) and | X|| < r, such that

Y(X,2,y) <0 forall yeTl(®).

Proof Put X, := X N B,. By Proposition 2.1 of Cubiotti and Yuan [17], the multifunc-
tion

xeX, - T®NX, =Tk NBE,
is lower semicontinuous with nonempty convex values. Moreover, its fixed-points set
E..={xeX,: xeT®x)NB,)=ENB,
is closed by (2). We claim that
aff(l',(x)) = aff(X,) forall xe E,.

To prove this, fix any x € E,. Since, by convexity one has I'(x) = ri(I"(x)), by assump-
tion (10), we get

ri(C'(x)) N B, # 9.
Choose any point u € ri(I'(x)) N B,, and let € > 0 be such that
B(u,e) € B, and B(u,¢)Naff(I'(x)) C I'(x).

Since, B(u, e) N aff(I"(x)) is open in aff(I"(x)), its affine hull coincides with the whole
aff(I"(x)), that is

aff(B(u, €) N aff(T'(x))) = aff(I'(x)).
Moreover, since
B(u,e) Naff(I'(x)) € I'(x) N B,
taking into account (3), we get
aff(B(u, €) N aff(I"(x))) € aff(I'(x) N B,) C aff(I'(x) N B,) C aff(X N B,)
C aff(X) = aff(I'(x)) = aff(B(u, €) N aff(T'(x))).
In particular, this implies that
aff(I'(x) N B,) = aff(X N B,),

as claimed. Consequently, applying Theorem 3.2 of Cubiotti and Yao [15] to the set
X, and to the multi-functions I'» and ®|y, (it is routine matter to check that all the
remaining assumptions are satisfied), we get the existence of a pair (x, 7) € (X NB,)xC
such that

tel®), 2ed@®@ and Y(%,2,v)<0 forall vel®) NB,. ()

We now show that the pair (%, 7) satisfies the conclusion. To see this, fixany y € I'(%).
We distinguish two cases.

@ Springer



J Glob Optim (2007) 37:263-274 267

(a) |1l = r. By assumption (xi), there exists a point w € ['(¥) N B, such that
¥ (x,z,w) > 0. By (2), we get ¢ (x,z,w) = 0. Choose ¢ €]0, 1[ in such a way that

yii=ty+ (1 —0weB,.

Taking into account (2), assumption (8) and the convexity of I'(X), we get
0>y&,2,y) 2tyE, 2,0+ A =)@, z2,w) =t¥(,2,y)
hence
V(*,2,y) <0

as claimed.
(b) |Ix|| < r. Choose t €]0,1[ in such a way that

u :=ty+ (1 -0k €B,.
Taking into account (2), assumptions (7) and (8), and the convexity of I'(¥), we get

0= y&2u) 2 ty@& 2,0+ A -DY@E,2.%) =ty E,2,y)

hence

Y(x,2,y) <0,

as claimed. O

Corollary 3.2 Let X,C,F,I", ®, ¢ be as in Theorem 3.1. Assume that assumptions (1)—
(9) of Theorem 3.1 are satisfied. Moreover, assume that there exists a nonempty compact
set K C X such that the following conditions hold:

10) T(x)NK # forallx € X;
(11) for each x € E\K, and each z € ®(x), there exists y € T'(x) N K such that
Yx,z,y) = 0.

Then there exists (x,zZ) € X x C, with x € I'(x) and z € ®(x), such that
V(*,2,y) <0 forall yeT(X).

Proof 1Tt suffices to take r > 0 in such a way that K C B,. The conclusion follows at
once by Theorem 3.1. O

The following is the main result of the paper.

Theorem 3.3 Let (E, | -||g) be areal Banach space, X C E a closed convex set, C a non-
empty subset of the Hausdorff topological vector space F, T: X — 2% and ®: X — 2€
two multifunctions, ¥: X x C x X — IR a single-valued map. Let K1,K; C X be two
nonempty compact sets, such that Ky C K, and K is finite-dimensional. Assume that:

(1) the multifunction T is Hausdorff lower semicontinuous with closed convex val-
ues;

(2) theset E:={x € X :x e '(x)}is compactly closed;

Q) intyppxy(T'(x)) # 0 forall x € X;

(4) @(x) is nonempty and compact for x € X and convex for x € E;

(5) foreachy e X, theset {x € E :inf;cqpx) V(x,2,y) < 0} is compactly closed;

(6) foreachx € E, theset{y € X :inf;caow) ¥ (x,2,y) < 0} is finitely closed;
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(7) foreachx € E and each z € ®(x), one has ¥ (x,z,x) = 0;
(8) foreach x € E and each z € ®(x), the function V¥ (x, z,-) is concave on I' (x) and
the set {y € X : ¥ (x,z,y) < 0} is closed;
(9) foreachx € Eand eachy € T'(x), the function ¥ (x,-,y) is lower semicontinuous
(in the sense of single-valued maps) and convex on ®(x).
10) T'(x) NKi#D forall x € X;
(11) foreach x € E\ K3, and each z € ®(x), one has

sup  ¥(x,z,y) > 0.
yel' (x)NK;

Then there exists (X,z) € K x C, with x € T'(x) and Z € ®(x), such that
V(x,2,y) <0 forall yeT(QX).

Remark WhenC = F = E*and ¥/ (x, z,y) = (z,x—Y), the assumption (6) of Theorem
3.3 is automatically satisfied. Indeed, for each fixed x € E the function

y— Zelg{x)&,x »
being concave, is continuous over any finite-dimensional subspace of E. Moreover,
we note that if the multifunction I has closed graph, then it has closed values and the
set E is closed, while the converse implication is not true in general. Consequently,
taking C = F = E* (endowed with the weak-star topology) and ¥ (x, z,y) = (z,x — ),
Theorem 3.3 gives back (and also improves) Theorem 1.2 of Cubiotti [14]. Finally, we
remark that the completeness of the space E is necessary only to ensure that co K>
(the closed convex hull of the set K») is compact. Therefore, Theorem 3.3 still holds
if E is any real normed space and co K3 is compact.

Proof of Theorem 33 Let V := aff(X) (the affine hull of X), and let V be the
linear subspace of E corresponding to V (of course, V may not be closed in E). For
each z € co Ky, choose any point u, € inty I'(z) (the interior of I'(z) in V'), which is
nonempty by assumption (3). By Proposition 2.5 of Cubiotti [13], for each z € cO K3
there exists an open bounded neighborhood W, of z in E such that

uzeintv( N F(v)). (3)

veW,nX
By Theorem 6 at p416 of Dunford and Schwartz [21], the set co K, is compact. There-
fore, we can find points z1,...,2,; € co K, such that
m
WK <3 = [Wz,. N V]. (4)

i=1

First, we note that 31 is open in V and bounded. Therefore, since V' \ X1 # @, the set
V\ X is closed in V and co K3 is compact, by (4), we get

g:=inf{d(@,V\S)):aecoky}>0. 3)
If we put
Y:=coKr + [E% ﬂVo], (6)

we have that X is convex and closed in V, and also £ C ¥;.

@ Springer



J Glob Optim (2007) 37:263-274 269

Let S be the family of all finite-dimensional linear subspaces of E containing the

set

Ky Ulug,...,ug,}

Fix S € S, and put

Xg:=XNXNS.

Observe that

K, CXNENSC Xs CXNS.

In particular, Xg # . Let I's: Xg — 2% be the multifunction defined by setting, for
each x € Xg,

Is) =T NXsg=TxNXNXINS.

At this point, our aim is to apply Corollary 3.2 to the data X, C,T's, ®|x;, ¥ | xsxCx Xs-
To this aim, we observe the following facts.

(a)
(b)

(©)

The set X is a nonempty closed convex subset of S.
The multifunction I's: X — 2% has nonempty convex values by (1) and (10)
(since K1 € Xs). Moreover, since one has

Eg:= {xeXS: xeFS(x)}:EmXS

and the set E is finitely closed by (2), it follows that the set Eg is closed.
The multifunction I's: X5 — 2%5 is lower semicontinuous. To see this, we first
prove that

YNSNintyl'(x) #0 Vx € Xg. (7)

To prove (7), fix x € Xs. Choose any x; € X N X N S such that ||x — x{||g < /4.
Hence,

x—x1€ VN E%.
Since by (6), we have
meam+ﬁywﬂ
by (5) it follows that
xecoK + [E%g mvo] c 3.

Consequently, there exists i € {1,...,m} such that x € W,,. By (3), we get in
particular that u;; € intyI'(x), hence
uz; € SNinty'(x) # .

By assumption (10), we have I'(x) N Ky # @. Fix any point v € I'(x) N Kj. The
convexity of I'(x) implies that

v+t —v) e SNinty'(x) forall ¢e€]0,1]. (8)
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On the other hand, since by (6), we have
v [Benvo|cs
then, we can find « €10, 1] such that
V+tu;—v)ex forall ¢€]0,uf. 9)
In particular, by (8) and (9) we have
SN Ninty'(x) # 0
as desired. Thus, (7) is now proved. At this point, we can prove that I's is lower
semicontinuous. To this aim, let x* € Xg and let A be an open set in V such that
Ts(x*) N A # 0.
By (7), we have that
NS NintyL(x*) # @.
Consequently, there exists a point
we XNSNintyI'(x*) € Ig(x™).
Choose a point v* € A N T'g(x*). Since, the set I'(x*) is convex, we have that
Vvi+Ilw —v*) e XgNinty'(x™) forall [€]0,1]. (10)
On the other hand, since A is open in V, there exists i > 0 such that
v+ [B. N Vo] € A. (11)
Consequently, by (10) and (11), there exists t € ]0, 1] such that
Vit Tw —v") e XsNANinty'(x™). (12)
By Proposition 2.5 of Cubiotti [13], there is a neighborhood Z of x* in X such
that
Vit tw—vH) e intv( ﬂ F(x)). (13)
xeZ
By (12) and (13), we get
vidtiw —vY) e XsnNANinty'(x) forall xeZ
hence, in particular,
F'sx)NA#£¢@ forall xe ZnN Xg,
as desired.
(d) One has aff(T's(x)) = aff(Xy) for all x € X§. To see this, fix x € Xs. Observe that

the set

T := inty " (x) N aff(Xy)
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is open in aff(Xs) and by (7) one has
# # T NSNintyT(x)
=XNXNSNinty(x)
C XgNinty'(x)
c TNXs,

hence 7'N Xs # §. Consequently, by Proposition 2.1 of Cubiotti [11] (setted in
the affine manifold aff(Xg) by an obvious translation), we get

aff(T N Xg) = aff(Xy). (14)
Consequently, since
T'nXs Clsx) € Xg

by (14) we get our claim.
(e) Theset K := K» N X is compact and

F'sx)NK #@ forall xe Xg.

Taking into account that K; € Xg N K3, this follows easily by assumption (10)
and the definition of I's.

(f) For each fixed x € Eg\K, and each z € ®(x), there exists y € ['s(x) N K such that
¥ (x,z,y) > 0. This follows easily by assumption (11), taking into account that
Es\K C E\KzandI'(x) N K1 € I's(x) N K.

Itis routine matter to check that all the remaining assumptions of Corollary 3.2 are
satisfied. Consequently, there exists (xg, zs) € Xs x C such that

xs € Tg(xs), zs€ ®(xs) and Y(xs,zs,y) <0 Vyegxs). (15)

By (15) and assumption (11), taking into account that K; € X, we have that xg € K».
We now prove that

¥(xs,zs,y) <0 forall yeT(xs)NS. (16)
Indeed, if y € T'(x5) N S, since

xseKyCcokKr CXCV,
yelxs) c XV,
V-VCV,

and X is convex, we have that
Xs + 1(y — xs) eXﬂ[@Kz—i- (Bg mvo)] —XNnx
2

for a sufficiently small ¢ € ]0, 1[ . Hence, by the convexity of I'(xs) and by the definition
of Xg, we have

xs+t(y—x5) e XNSNSNT(xs) € XsNT(xs) = Cg(xs).
By (15) and assumption (7) and (8), we get
0= Y (xs,zs,x5 +1(y —x5)) = 1Y (xs,25,y) + 1 =) ¥ (xs,25,x5) = 1Y (x5,28,Y)

hence ¥ (x5, zs,y) < 0, as desired.
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Resuming, we have proved that for each § € S there exists a pair (xg,zs) €
(K> NS) x C such that

xs € T(xs), zse€ P(xs) and Y(xs,zs5,y) <0 VyeT(xs)NS. (17)

Now, we consider the net {xs}scs, with S ordered by the ordinary set inclusion <. The
compactness of K implies that the net {xs}scs has a cluster point X € K». Since, by
assumption (2) the set E N K> is closed, by (17), we get X € I'(x). We now claim that

inf ¥(X,z,y) <0 forall y einty[ (). (18)
7€®(X)

On the contrary, assume that there exists y € inty I'(x) such that

inf )1//(56,1,)7) > 0. (19)

Zed(X
By Proposition 2.5 of Cubiotti [13], there exists o > 0 such that
je intv( N F(x)). (20)
xeB(X,0)NX

By (19) and assumption (5), since the set
{x cENKy: inf v(,2,7) > 0}
zed(x)

is open in E N K3, there exists & € ]0,0[ such that

inf ¥(x,z,5) >0 VxeB@&a)NK,NE. (21)
zed(x)

By construction, there exists S € S such that y e S and X3 € B(%,a). By (20) we get
yel(xpn S. Consequently, (17) implies that

1//()(3,13,}7) <0. (22)
On the other hand, (21) implies that

inf 2,y) >0
L Vs D >

hence, in particular,
V(xg,25,9) > 0,
which contradicts (22). Consequently, (18) holds, hence

sup inf ¥(x,z,y) <0.
yeinty (%) 2€PX)

By Theorem 5 at p216 of Aubin [1], taking into account assumptions (1), (4), (8) and
(9), we then get

inf sup  ¥(x,z,y) <O0. (23)
€M) yeinty (%)

Since by assumption (10) the function

z—>  sup  Y(X,z,y)
yeinty ['(X)
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is lower semicontinuous on ®(¥) and the last set is compact, by (23) we get the
existence of a point Z € ®(x) such that

sup ¥ (X,Zz,y) <0.
yeinty I'(X)

Taking into account assumption (viii), this implies

sup ¥ (X,2,y) <0.
yer (@)

The proof is now complete. O

Example Let E = C = R2, X = [0,1] x [0,1], T, ® and ¥ be defined as follows:
F'x) = X, ) = {(1,D} if x = (0,0), dx) = [0, ]x]] x {1} if x # (0,0) and
¥(x,2,y) = (z,x — y). Then all assumptions in Theorem 3.3 are satisfied and it can be
easily seen that (x,2) € X x Cis a solution of (1) where X = (0,0) and z = (1,1). But,
we observe that @ is neither upper semicontinuous nor lower semicontinuous on X.
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